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Introduction
The scattering from dielectric spherical inclusions has been analyzed by Mie [1908] and Debye [1909] , popularly known as the Mie scattering theory, using the vector spherical harmonic functions to represent the fields. It is also well known that this theory is not so elegant when one is dealing with scattering from electrically small particles. By using the quasistatic analysis, it is possible to get simple expressions for the Mie coefficients without worrying about the behavior of spherical Bessel functions. Under the quasistatic limit the fundamental mode given by the first Mie coefficient of the scattered field is similar to the field scattered by an oscillating dipole with a dipole moment the same as that of a sphere under the influence of uniform static field. Therefore one can relate the polarizability of an electrically small dielectric sphere to its scattering and radar cross section (RCS) in the dynamic range. Since there are practical situations where it is much more convenient to calculate the RCS of the particle, it is sometimes easier to evaluate its polarizability from the definition of RCS. One of the aspects studied in this paper is to see the limit of validity of relating the RCS of the particle to its polarizability Copyright 2000 by the American Geophysical Union.
Paper number 1999RS900101.
0048-6604/00/1999RS900101 $11.00 when the scatterer size is very small compared with the operating wavelength. Relations have been derived between the static polarizability and the scattering, extinction, and radar cross section for both lossless and lossy dielectrics.
A related aspect discussed here is to measure or estimate the effective dielectric constant of a composite material made up of small spherical inclusions embedded in a homogeneous matrix. The imaginary part of the effective value of permittivity -Im{eeff/ e0} is calculated using the definition of the polarizability of a dielectric sphere and the generalized Maxwell Garnett (MG) mixing formula which was derived by Sihvola and Sharma [1999] . Sihvola and derived the generalized MG mixing formula by adding a few correction terms to the polarizability (explained in section 5). The effective permittivity is generalized to include the first-order scattering effects of the inclusions, which contribute to the imaginary part of the effective permittivity and are discussed in section 2. The problem can be analyzed by treating the mixture as a slab of particles that are electrically small and sparse, as shown in Figure 1 . The incident field, which is assumed to be a plane wave, and the transmitted field are represented as E i and E t. The imaginary part of the effective permittivity is compared with the extinction due to scattering by small inclusions and is seen to be consistent up to a certain upper limit of the frequency. Since the formula takes into account the size of the scatterer at least to the lowest-order terms, the -Im{eeff/e 0} is plotted as a function of the size parameter k oa -x using different definitions, explained in section 4. The radius of the spherical inclusion is a, and ko is the free-space wave number. The limit up to which the generalized MG formula is accurate is shown clearly by considering inclusions of different sizes and permittivities satisfying the sparse mixture conditions. Table 1 illustrates the approach of the study carried out in this paper. The interaction of the electromagnetic wave with a single spherical particle and with a dilute mixture of spherical inclusions is considered for both the static and dynamic cases. The aim here is to see to what extent the static mixing rules can be extended into the higher frequency ranges.
One of the motivations for this study is the conception of new materials with particular electromagnetic properties (like absorbers). These materials utilize heterogeneous structures made up of inclusions of different shapes and properties dispersed in a dielectric matrix. Another possible application of this study is analyzing the atmospheric aerosols. The interaction of electromagnetic waves with particles such as clouds or rain is one such example.
Single Scattering Extinction
The problem of analyzing the scattering from a sparse mixture can be treated as scattering from a slab of n particles embedded in a host medium (as shown in Figure 1) , which is considered to be free space in this paper. The attenuation due to a plane wave incident on a slab of n such scatterers is calculated. This is then compared with scattering from a single spherical scatterer whose scattering characteristics can be evaluated using the standard Mie theory [Mie, 1908] 
Quasistatic Approximations
The Mie scattering from dielectric spherical particles of dimensions small compared with wavelength can be approximated using the asymptotic series expansions for the spherical Bessel functions [Abramowitz and Stegun, 1970] It can be seen from (5) The response of an isotropic sphere to an applied uniform static electric field which induces a dipole moment is well known [Jackson, 1975] , and its polarizability is defined as gives the effective permittivity Seff of a mixture where spherical inclusions of permittivity e = ere0 occupy a volume fraction f in the background medium with permittivity •0, here assumed vacuum. As can be seen from the simple appearance of the formula, the effective permittivity does not depend on the size of the scatterers or on the wavelength of the operating field. Indeed, it is approximatively valid for wavelengths that are much larger than the size of the spheres. Because of this low-frequency character of the mixing rule, it is often characterized as quasistatic.
Although there have been size-dependent corrections to the Maxwell Garnett mixing rule earlier [Fikioris, 1965; Wang, 1982 This definition is correct only if the inclusions are lossless. For lossy inclusions, however, the attenuation of the plane wave as it passes through a slab of lossy particles cannot be related to RCS alone. The absorption phenomena also has to be taken into account. Thus evaluating the imaginary part of the effective permittivity of the mixture using the definition of RCS is not proper for lossy inclusions.
Results
The heterogenous mixture is analyzed when a plane wave is incident on it. Two types of inclusions are considered in order to study the behavior of the complex polarizability and the imaginary part of the effective permittivity of a sparse mixture. These are lossless inclusions and lossy inclusions.
The normalized polarizability values are computed using the definitions given in section 4 for different •:r and loss tangents. Their deviation from the static value is also plotted as a function of the size parameter.
The generalized Maxwell Garnett mixing formula is used to calculate the effective permittivity of the mixture. The imaginary part of the complex effective permittivity is evaluated using the corrections made in the polarizability of the mixture. These results are then compared with the results obtained from scattering from a slab of particles using the Mie theory under the quasistatic approximation (equations (4) and (5) 
Lossless Dielectric Inclusions
For a lossless dielectric inclusion the value of the dielectric constant is real, and thus the extinct power is due to scattering alone, and hence we can replace Cex t in (2) by Cscat. The normalized polarizability was calculated for different •:r and for different size parameters. Next the -Im{eeff/e 0 } was calculated using the generalized MG formula. The definitions of Cscat and Crrc s were used for calculating an(tO ) and -Im{eeff/e 0 } using the complete Mie coefficients. A comparative study is made between the various methods used in finding the values of a n (to) and -Im{eeff/ e0}. First let us discuss the deviation of an(tO ) from (8) using different approaches. show the behavior of a n (w) with the variation of 8 r using the two definitions and for two different size parameters, namely, x = 0.3 and 0.6, respectively. The value of a n (0) is also plotted in the same graphs for the static case. It is seen from the plots that the value of a n (w) obtained using the definition of RCS can be successfully used to determine the static polarizability, as compared with that obtained from Cscat.
Comparison of normalized static polarizability a,• (0) with a,• (to). The value of the normalized polarizability is calculated using the definitions
The normalized values of polarizability and the percentage deviation in its value from the static normalized polarizability er--1) an(O) = 3 8r q-2 calculated using different approaches are given in Table 2 for 8r = 1.3. The percentage deviation in the values of normalized polarizability is higher when rrrc s is used to calculate a(w)/eoV as compared with that obtained using Cscat. It is also seen that the percentage deviation increases as the size parameter increases in both cases. 
Comparison of the values of-lln{

Lossy Dielectric Inclusions
In the case of lossy dielectric inclusions the extinct power is due to both scattering and absorption of the particles. Thus we use the definitions of Cscat and Cext obtained from the complete Mie formulation to calculate the magnitude and the imaginary part of the normalized polarizability, respectively. The imaginary part of the effective permittivity of the mixture is also calculated by using the same definitions. As in the case of lossless inclusions, we will first compare the values of normalized polarizability obtained by different methods and then the values of -Im {eeff/e0}. The frequency has been fixed to 1 GHz and the number density n was fixed to 20 m -3 as was done in the lossless case. Table 4 for t• r = 1.3 -j0.1. It can be seen from Table 4 that the deviation has increased slightly for lossy inclusions for the same size parameter x and for the same real value of the relative permittivity, as compared to the lossless case, for both methods (using scattering cross section and the radar cross section). extinction cross section from the Mie theory up to size parameters of 0.6. When the relative permittivity of the inclusions was chosen to be as high as er = 10 -j0.5, it was seen that the generalized MG formula was quite an overestimate. The results are as shown in Figure 11 for an expanded x range (x varying from 0 to 0.5). The quasistatic approximation does not match at all beyond x = 0.1, since (5) is approximate only for low dielectric constant scatterers. The MG formula is accurate only up to x = 0.2, beyond which the error slowly increases.
Discussion and Conclusions
The two main aspects studied here are the following: First, the idea of complex polarizability is explained and related to various cross sections, namely, extinction, scattering, and radar cross sections. These definitions are used in a related aspect, which is the evaluation of the imaginary part of the effective permittivity of a sparse heterogeneous mixture. A generalized Maxwell Garnett formula (equation (22)), which is dependent on the electrical (optical) size of the spheres, in addition to the permittivity and volume fractions of the components in the mixture, is derived and used to calculate the effective properties of the heterogeneous mixture. The imaginary part of the complex permittivity obtained from this new generalized MG mixing formula is compared with the value obtained using the quasistatic Mie theory, radar cross section, and the full Mie scattering analysis. The range of applicability of these rules is then examined.
The results for both the polarizability and the imaginary part of the effective permittivity are given for two types of dielectric inclusions: lossless and lossy. For the lossless case the attenuation in a slab of n particles is described by scattering alone, but in the case of lossy inclusions the absorption, in addition to scattering, is taken into account to satisfy the optical extinction theorem. Thus the magnitude of the normalized polarizability is calculated using scattering and radar cross sections for both lossless and lossy inclusions, and its imaginary part can be obtained from the extinction cross section (using the full Mie theory code).
It was observed that for both lossless and lossy dielectric inclusions the deviation in calculating the magnitude of polarizability increases with the increase in the size parameter from its static value. The deviations in the values of magnitudes of normalized Although it is easy to compute the RCS of various objects, the definition of RCS when used to calculate the value of -Im {eeff/e 0 } is highly inaccurate. This is because although the polarizability magnitude is related to the scattering cross section, the attenuation of the electromagnetic wave as it passes through a slab of lossy particles of spherical shapes cannot be explained by RCS alone. The absorption phenomena also has to be taken into account.
Thus it can be concluded that the polarizability of a spherical particle can be obtained from its RCS when it is small compared with the wavelength. In addition, it can be said that the generalized Maxwell Garnett 
